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Introduction: -

Indian Place-value System of base ten with the invention of Zero
revolutionized the sciences of the world by helping systematic
quantifying of the scientific and Technological concepts.

Aryabhatiya-vyakhya of Bhaskara-I (629 A.D.), a commentary on
Aryabhatiya (499 A.D.) of Aryabhata-I explains methods to arrive
at the values of 6-rsines, 12-rsines and 24-rsines.

In general N-rsines is ‘N values’ of r sine 6, which are the products
of radius r and ‘n number of Sine @’ where Ois the central angle
made by n equal arcs.

The radius r = 3438 units considered by Aryabhatiya I is an
approximate value of one radian in minutes. The present-day values
are also expressed in radian measure. Therefore Aryabhatiya values

of rsines almost agree with their present-day values.



Perimeter of a Circle of diameter 20,000 units in Aryabhatiya

Aryabhatiya of Aryabhata-I has given
the circumference of a circle of diameter 20,000 units in a sloka;

TR ATHSCIOT CATI ST HGHTOTH |
I ACAI A hHFHEIH ool JATRUTE: 118 |l [Refer; 1. (p.71)]

‘Four more than hundred multiplied by eight and increased by
sixty-two thousand is a nearer value (™) of the perimeter of

a circle of diameter twenty-thousand units’.

[(100 +4) 8 + 62,000] = 62,832
is a nearer value of the Perimeter of a circle of diameter 20,000 units.

The ratio of perimeter 62,832 units to its diameter 20,000 units is
the Aryabhatiya value of m;

62,832

= =3.1416
20,000

T



Present-day Radian measure (in minutes) and from Aryabhatiya

The radian is the central angle made by an arc of length
equal to the radius of the circle.

It requires the ratio of perimeter of the circle to its diameter.

The ratio of perimeter of a circle to its diameter is named T,
because in Greek language ‘perimeter’ is ‘mepiuctep’ and

7 is its first alphabet.
: 18060 :
Present-day one Radian = =3437.746771 minutes (app.)
T
Aryabhatiya one radian — 180 x 60 —3437.738732 minutes (app.)
3.1416

Aryabhata-I used a circle of radius 3438 units to find N-rsines.

3438 is the measure of ‘one radian’ in minutes, approximately.



RSINE

ARYABHATIYA
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Names of Trigonometrical functions in Aryabhatiya

The names of Trigonometrical functions given to the parts of the circle
are based on the verses in Aryabhatiya.

T STET: RIEETH HUET: T

: (In a right-angled triangle)
. m the square of the bhuja

(base of horizontal)

e Fuf together with the square of
0 the koti (upright or vertical)
C is the square of the karna
(hypotenuse)

(Y1)2 + (ITE)2 = (ahTT)2
(AB)? + (BC)? = (AC)




Trigonometric Functions in Indian Mathematics

| Ref: ‘Indian Astronomy; A Source —Book’, B V Subbarayappa, KV Sharma,
N NEHRU CENTRE, BOMBAY (1985) p. 300 ]

Arc AD is divided into n equal arcs

D Angle AOD = 6 = angle made by n equal arcs
c AC=Rsin0,=J_

=3[ of n arcs

OC=Rcos0,=K,
= HIEAT of n arcs

CD=(R-Rcos0,)=U
=3cshHdl of n arcs

n

S

Angles are measured in the clockwise direction from N




Etymology of the term ‘Sine’

[Ref: ‘The Mainstream of Mathematics” by Edna E Kramer,
Oxford University Press, Inc.(1951) P.140]

The derivation of our term ‘sine’ from the
original Hindu 1s of philological interest.

Aryabhata (500AD) used
the word T or ST for AC.
[AC = OB sine 0 = sine 0]

Arabs translated 74T as ‘eib’ 1n Arabic.
Arabic word ‘gib’ 1s similar to the word ‘fold’

Arabic word ‘gib’ was translated into Latin as ‘sinus’ (fold).

Later ‘sinus’ became ‘sine’.




Geometrical Basis for ﬁndinsi{
the desired number of Rsine Values

- Aryabhatiya (AD 499)

UREr YIHITAT fasmere T | g Rl
(Sloka 9 in Ganita pada of Aryabhata - I)
The chord of one-sixth of the circumference

(of a circle) is equal to its radius.

Bhaskara-I started with
a regular hexagon inscribed in a circle of radius 3438 units
to find the desired number of Rsine values
In his Aryabhatiya Bhasya (AD 629).



Radian Measure 1n Aryabhatiya

~ ~ N

= 29) .
ICEELE RS o HIURMYdsg 0 o9

TEYSH ((21,600) T Bp T 3
IYAFT (20,000) THBEATIE AT TCILIAA ((62,832) &I ey

R IHSATH: | T8 Thed e qETNaaH (3438) TS |
I AHE VAR Tag: |

62,832 is the circumference of a circle - of diameter 20,000 units
20,000x 21,600

62832

= 6875.477464
Half of 6875.477464 = 3437.738732 = 3438 (app.)

21,600 is the circumference of a circle - of diameter

One radian = [180/3.1416] = 57. 29577851 (app.)
= 3437.746771 minutes (app.)

= 3438 minutes




R Sin 0 from Aryabhatiya (ap 499)

Divide arc PAD into S equal arcs, and arc ADB into 2n equal arcs.

1) AB = Chord of 2n arcs =C,,. Arc AD = arc of n arcs. ZAOD=0,
AD = Chord of narcs=C,=C,_ AE =(1/2) AB=Rsin0_=Jyaofnarcs=J_

2) J,=0172)C,,

D OE = V(R? - J_?) = kotijya of n arcs=K_=R cos _
[Arc PA = arc of (S - n) equal arcs]

m 2m
B OE =R sin (£ OAE) =R sin (90-0_)=J¢ _,
E T o\ 3)K,=J, , ZEAO=ZAOE=(90-0)
10 R P  When n or (S—n) =2m, an even number
o ED=R-K, =U, =Arrow of2m arcs

4 U,,=R-K,,

AD =v(J, 2+ U,_2) = chord of 2m arcs = C,_
5) C,, =V(J,,2+ U, 2) =chord of 2m arcs

C,,, is similar to 1. Repeat steps from 2 to 5

I Find [25/ 3] Rsines, taking C, = R = 3438 (= AB), where 2n =25/ 3
11 Find [S/ 3] Rsines, taking C, = R\2 = 34382 (= PD), where 2n=S




Table for six Rsines [S = 6]

I Find [2S/3] (=4) Rsines, assuming C, = R = 3438, where 2n = [2S/3] =4 in (1)
starting with the chord AB (a side of the inscribed hexagon) as C,

II Find [S/ 3] (= 2) Rsines, assuming C, = RV2 = 3438\/2, where 2n =S =6 in (1)
starting with the chord PD (hypotenuse of the right angled triangle POD) as C.

1 2 3 4 5 6 7 8
C C,, n = (S-2m) 0 Rsin0O
= eff] | G e | Jam | O om
I. C,=3438
C,;=3438.00 | J,=1719.00 | K,=2799.40 | A,=460.60 | C=1779.64 | J,=1719 | 30° 1719
J=2977,40 J=2978 | 60° 2978.40
C,=1779.64 J,=889.82 | K,=3320.85 J;=890 150 889.82
J=3320.85 J,=3321 750 3320.85
II. C,= 34382 = 4862.07

C,=4862.07 | J,=2431.03 | K,=2431.03 J;=2431| 450 2431.03
J = 3438 J=3438 | 90° 3438




R Sin 0,,, from Aryabhatiya

To get nor 6, when S and, one of n and 0,  are known

TSN

Arc PD (of quadrant / ¢ TAA Arc AD is divided
o [J [ J e o
OPAD) is divided into 2m equal arcs.

into S equal arcs. 0 '
Angle AOD =0,

2m, number of equal arcs in Arc AD

S, number of equal arcs made in the Arc PD

0, central angle made by 2m equal arcs of Arc AD

90°, central angle made by S equal arcs of the Arc PD
2m  0,, S 0,, _ 90°x2m

1 —  90° 1 S
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Introduction: -

T RRRET WO AW HOTIrareT |

8¢ darg emeAToT o ity feerae gl
Like the combs of the peacocks and the crest jewels of the serpents, so does the
tradition of mathematics knowledge stand at the head of all the tradition of Sciences
knowledge forming the auxiliaries of the Vedas. [Refer; 4. (p.27 & 36)]
Indian Place-value System of base ten with the invention of Zero revolutionized
the sciences of the world by helping systematic quantifying of the scientific and
technological concepts.
Aryabhatiya-Vyakhya of Bhaskara-1 (629 A.D.), a commentary on Aryabhatiya of
Aryabhata-I explains methods to get the values of 6-rsines, 12-rsines and 24-rsines.

In general D-rsines is ‘n values’ of r sine 0 which are the products of radius r

and ‘n number of Sine 0> where 0, 1s the central angle made by n equal arcs,

n ranging from 1 to D when the arc of the first quadrant is divided into D equal arcs
in the circle of radius r = 3438 units. These values exactly agree with their present-
day values because radius r = 3438 minutes is an approximate value of a radian.

The radian is the central angle made by an arc of a circle of radius r whose length is
equal to the radius r and it requires the value of the ratio of circumference of the
circle of radius r to its diameter.



The ratio of the circumference of a circle to its diameter , which is now known as T,
is stated in Aryabhatiya of Aryabhata-I thus;

SLRIBED QIdHE"IUI m@'{:’m T |

YIS AR TR RIS : 1201
[Refer; 1. (p.71)]

‘Four more than hundred multiplied by eight and increased by
sixty-two thousand is a near value (JMHA) of the perimeter

of a circle of diameter twenty-thousand units .

[(100 +4) 8 +62,000] = 62,832 is a nearer (approximate) value of
the perimeter of a circle of diameter 20,000 units.

Perimeter in Greek is nepipetep and its first letter ‘“n’ is used to denote
‘the ratio of the circumference of a circle to its diameter’

: : 2832
o circumference of a circle _ 6283 _ 3.1416(app.)
diameter 20000




TRIGONOMETRIC TERMS
in Indian Mathematics



Etymology of the term ‘sine’

The term ‘sine’ is from the original Hindu word SdT or Sfar

/TR The word ST or SI1dT is used for GA ;

q a half chord in a circle of radius r =1 unit.
Ve Arabs translated ST or 14T as ‘eib.
NV ) P °  Arabic word ‘gib’ is similar to

the word ‘fold’

‘eib’ was translated into Latin
as ‘sinus’ (fold).

4 Later ‘sinus’ (ST or S11AT ) became ‘sine’.

[Ref: “The Mainstream of Mathematics” by Edna E Kramer, Oxford Univ. Press, Inc.(1951) P.140]



Trigonometric terms in Indian Mathematics

Angles are measured in the clockwise direction from E.

Angle QOG = 90° = angle made by D equal arcs
Angle QOB = 0 = angle made by n equal arcs

OP =r cos 0, =HIeSAT of nares =k,

AG S

'3

Angle BOL = Angle (QOG - QOB) = (90"-6,)
= Angle made by (D — n) equal arcs

OP=LB
Y If¢SdT of n arcs = k = ST of (D — n) ares = jp_,
k

n — J(D—n)

PQ =(0Q - OP) = (r -fesaqT of n arcs) = (r-k,)

= JchHASAT of n arcs = u

n

u = (r—kn)




Value of (Desired number of) D-rsines
In Aryabhatiya (500 AD)



Aryabhatiya’s (AD 499) Cryptic Algorithm for finding D-rsines

Aryabhatiya of Aryabhata-I (b. 476 AD) gives a method
cryptically for finding the values of rsines of n equal arcs
(r Sin 0,) = Jya of n equal arcs (J).

To find D-rsines
BT A8l TATSSTIAH,
FATIIRTAIE Beara Resreaqesmeda |
gHRaSATIfa o fashesmef aaserfer |22 |

Divide a quadrant of the circumference of a circle
(into as many parts as desired; D).

Then, from (right) triangle and quadrilaterals,

one can find as many rsines of equal arcs as one likes,
for a given radius (3438 units).

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 77]



Aryabhatiya’s (AD 499) Cryptic Algorithm for finding D-rsines

Bhaskaracarya-I (AD 629) in his Aryabhatiya bhasya elaborately

illustrated methods to find 6-rsines, 12-rsines and 24-rsines,
[6 x 24D where t =1, 2 or 3].

THEEAFAGARAASEY [aseheard fohaecaAToTer SaTefa |

9 cC 3
r sines are to be calculated by considering

half the diameter of a circle as 3438.

As per the rule 3TSHTATH arAaeTte: {(Place-values of) digits
(in a numeral of a number) move (increases) towards left’.

Combination of words WH denotes 3438 based
on words as numerals;

ARl Fd IFA IY
3 4 3 8

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 78]



Geometrical Basis
for finding the desired number of rsines

IR YsHTITSAT fashEsTeler |1 Je T IRl

[Refer : Aryabhatiya, with the commentary of Bhaskara-I and Someswara :
Edited by K S Shukla, INSA, New Delhi, (1976), ( based on p.79 for finding Rsine)]

The chord of one-sixth of the perimeter (of a circle)
is equal to its radius.

Therefore, Aryabhatiya Bhasya (AD 629) of Bhaskara-I
has considered a regular hexagon
inscribed in a circle of radius 3438 units
to find the desired number of (D), rsines.



Figure to find D-rsines: -
T cHATOTI RS e [AShFHTETede] chehcehel HUSTHIAEY ole, calerel
AT | O o caTERrmeN T 3T URehedT: | 31 cargert [asTerd #usel qdur
TfRIeaaTaTae et &fEoNeRT SATHRT @l HAT| T IREHHESRY | TR
CTETUITREATIAR Y & eIl ST e qﬂﬁawmﬁaﬂa
HW@WWIWTI’%_CITW ?IDTCISIT-[I REIESE ] (faf) T | [Ref. (1). P.78-79]

Figure 1
Meaning: -

12

Draw a circle of radius v (= 3438 minuftes)
3 and divide it into twelve equal parts.
Consider them as GATCAATIT TRA.

N s | Draw N-S line passing through the centre
P M ( L
/ \ ? of the circle. Likewise draw E—W line also.

9 \ / 5 Draw vertical and horizontal lines passing
through the centre of the circle to form two

rectangles (Figure 1), dividing each

11

<

quadrant into three equal arcs.

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 77-83]



Figure to find D-rsines (contd) : -

Aryabhatiya is a text on Astronomy, and therefore it has given instructions to
draw SATGAHATT IRTA: (figure 1).
Otherwise drawing a regular hexagon in a circle would be more convenient for
Finding required number of rsines, as shown in figure 2.

[ ] E L]
Figure 1 L Figure 2 E
Iy Cll 2
12 U, | e C
J;/ J, A nfi\ """ __.._n B
7 N )
" K 3 :"! _’! “\
' ili K ;i \‘\_
4 H 1Y
/ 5
N is 4 \
P M ( L Q 7 S
0 L G
:'il
9 5 ..:"i
.-"'.!
2
8 6
7 l
W W

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 77-83]



To calculate 24-rsines from
Aryabhatiya-vyakya by
Bhaskara I (AD 629)

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 77-83]



To calculate 16- rsines

qaaai@d &9 SAMErHd SISAHT FHE3E [ qoT | ST | dediasersr
PTSSAT ST, AT 26eR (Jg=1719) | TST 3T, SATATY HOT:, HSlhoTdal-
faQeET Aol @ife:(K=2977) | AT EI’I‘s’%ﬂ?lT FTSSIAT ST, TTT R (J,= 2977) |
quﬁaﬁ%ﬁuﬁa | ATHASCHICRN: (Uy=461) | ARTSCHISS AT AR TH A
hoT: | H UG 3{SCTAT SHSIAT [qUT ] ST, AT o |3¢%ﬁﬂw.a§w‘rmm
ST, T ¢Re (J,= 890) | TNT 37T, SATATY HUT:, HSAThUIGaARATET Hel Hife:
(K,=3321) | & [G2A: HISSTAT ST, AT 3329 (J,,= 3321) IUFIT—amT‘aﬁa%
MET AY TS (U,=117) | IRATSHTSSATTNANNHA HOT: | F TG IJ0N
mm[tcr\o‘r]—m,mzrcqc (C4—898)I3T%533IF€IT EFI%"ZI’I_ZI‘L%'ITHWQ (J,=
449) | TS 37T, SATATE H0T:, AR TIATET Hef HIfe: (K,=3409) | A
CaTTARd: SHTSSTAT ST, T 3YoR (J,,= 3409) | TAT IrATHIEIIMEAT | AW
CIAeRTSERR: (U,=29) | ARG [AhISEATIINANTHel hUT: | F T shIeaAl: [ ot |
ST, |1 T Yo | UFAEAT: HISGET ST, A T R (J,= 225) | THT §oT, SATHE:
ST, H[GITeRUT-aaTARINET Hel hIT: (K,=3431) | HT FATIFA: SHICSIAT 24T,
AT 3¥3% (J,,= 3431) |TAUACAEAT ST AT T |

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 81-83]




To calculate 16- rsines

qaaai@d &9 SAMErHd SISAHT FHE3E [ qoT | ST | dediasersr
PTSSTAT ST, A 202% (Jg=1719) | TNT 3TSIT, SATETE hUT:, $STTehviadl-
TaRISET HeT I (K=2977) | AT WISATAT HISSTAT AT, T R0 (J, = 2977)
| T SATHTUTGTARMEA | ATHASTHISSAT: (Ug=461) |
IRTSCHISSSATTNANTHA HOT: | H TF ISEeAT ST [JUT | ST, HI Lo
| ITETHEAT: TV HISSTAT ST, A ¢Re (J,=890) | TNT $[STT, SATATY o',
HSAThUTIATARINET HT Ife: (K,=3321) | HT TaFAA: HISa=AT 2T, A
3322 (J,=3321) | TAT ATHTNGI-AMET AW IJ:HTSSR: (U,=117) |
ARATSHISSTITTINANTHA HUT: | F TG IJUN HSSAT [ JOT | ST, AT T €<
(C,=898)| TUAEAT: HICSAAT, AT T ¥¥Q (J,=449) | TST 3SIT, SIHTE
HOT:, HGITRUTERTARINET Hel HIfC: (K,=3409) | H @A HTSSTEAT ST,
AT 38R (J,,=3409) | UAT SITATENCIIMEAT | AT GIARSSW: (U,=29) |
IRC[APTSSSATTINANTHA FO1: | F UG FHISaAT: [ YT | AT, AT T ¥go|
ITTHEAT: HISSET ST, AT T RY (J,=225) | TN T, SAMEE: HUT:,
SAThUT-TITANTEY el hife: (K,=3431) | VT TG HTSSTAT ST, AT

3Y¥3 “dryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 81-83]




To calculate 16- rsines - contd
37 TN FTSSTAT ST GfAAEAT | AV FITA: IS R: (U,,=2548) |
IRIAITA- PSS AT HOT: | F TARIA: FHESIAT [qUT | ST, AT Y2 |
THEAT: SRATAT HISSIHAT ST, T 083 (U= 2093) | TST 3T, SATATE 0T,
HSAThUTEINTARANSET Hel HITE: (K= 2727) | VT TIGRATAT HTSSIAT ST, AT <
VW (J,,= 2727) | TAT SATATUTGTIMET AV GRARISSIAT R (U, o= 711) |
ARCRIFTSSITTIANITH T FHUT: | F UG SRATAT FHESIEAT [T | T, AT = %20
3TETHEAT: TSTAT HISSIAT ST, A £209 (J;= 1105) | TST [T, SATATE o,
HSAThUTENTARNSET Hel hife: | VT TehlATARIA: SHISSIAT ST, AT T 3YE, (J =
3256) | f[AeFCaTEdr ST Alcyedd |
HY GfahTSosdl SATHTUIGAR/MERAT | AT GaTidqd: HISSIRN: (U,,=2989) |
IReaTfaRIfARISa AT IIITH HUT: | T UG GaTiderd: FHSSTAT [q0T | ST, A1 T
8¢S | ITTHEAT TG 2ATeT SHISSIHT ST, A §33 (J,,= 1293) | TST 37T,
SHTATY hUT:, HSTTRUTEINTIATED Hel HIf: (K,,=3186) | H TACAAT HISSIel
ST, |1 T Y¢Y (J,,= 3186) | [qeFHAGAr ST AlcucTd |
CRITAT HISSIAT ST SATATUTCTIMER | AV TICRITAT HISSIAT R (U ,=711)

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 81-83]




To calculate 16- rsines - contd

ARAICARISSTATINANINHA FUT: | § TF TAGLATAT FHESIEAT [qUT | 5T, AT
¢EC| ITUFEIT: HCATEAT HTSSTAT ST, T §Y08R (J,= 1409) | TNT 37T, SATHTEN
T, STSITRUTTIN AT Fel HIC: | VT TCACRITAT HTSSIAT ST, AT T 3¢3€
(J,=3136) | TauHAaGar ST AlcdeTd |

To calculate 8- rsines

Td FRSITERISCHRIHSSSAT ITEAT: | Y TJeIslle, ATEIATH: | 3Hed:
HAYRAEINTET ST d16d: | dAGIGIaHel: hUT: | § Td Td-
fara: SISomAT [ qUT | ST, 61 T 8CER (C,,= 4862) | TETHEAT: GATGRATAT
PTSSTAT ST, AT W32 (J,,= 2431) | TAT SMATLTCTIMNERA | AW TJcRTAT
HTSSTAT AR : | AREJGRAPTCSTISIANTH T hUT: | H U GaTGRATAT HSSTAT [T ]
ST, | €3¢ | TUAEAT: YUUT HTSSTAT ST, AT 326 (Jo= 1316) | TST 3G,
SATATE ShUT:, ISThUTaTARISET Fel HIfe: | HT HCCTERTAT HISSIAT ST, &1 o
3206 (J,,= 3177) | UAT STTATENG I | AT YUUT HTSSTAT 2R |
IRYCHISEIIINANTHel hUT: | H T YUUTT SHSSTAT [T | ST,

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p81-83]




To calculate 8- rsines - contd

A 23YR | TUFAEAT: TATUN HISSTAT ST, /I €2 (J,= 671) | TN 37T,
SATATE UT:, ST TARANSEY Hel hife: | VT TehfaRId: IS ST, 6T o
33R (J,,= 3372) | TAAFAAGAT ST AcIETd |

31 YUUT STSSTeAT ST SYTHTENG I | AT SCIEARTSSTAT AR : |
IRTSEICRIHISSSATAIARTHA 0T | F T SCIG2ATeAT ST [qUT | ST, AT
3¢R0 | ITTHTAT FATAT HTSSTAT ST, T 2820 (Jg=1910) | UST $[ST, SATATEN
0T, SISTTHUTGINTARNTET Hel HIf: | HT TTCRATAT HICSIAT ST, T T SR
(J,5= 2859) | TAAHATGAr ST AlcIcId |

Td IRYSCHNTRISSTATRTTGRIT: | 3ield faenmaieT faeeheemef gdseria-
Sarenfar fosargRaeantar sfa i1 ¢¢ |l

“Aryabhatiya of Aryabhata with the commentary of Bhaskara-I and Somesvara” — critically edited by K S Shukla,
The Indian National Science Academy, Bahadur Shaw Zafar Marg, New Delhi — 1 (1976) [Ref.1, p 81-83]



To calculate D-rsines from Aryabhatiya (AD 499) Algorithm

Divide arc QBG of quadrant QBGO
into D equal arcs, where D = 6x(2)(*V

Arc QB = arc of n equal arcs.
ZQ0B=0_,
PB = (1/2) AB =r sine0_
=Jyaofnares=J_
(1). AB=C,, = Chord of 2n arcs.
2D

where 2n= —
(). 3,=(1/2) C,, 3

(3). OP=(r2 - J ?) = kotijya of n arcs = K_=r cos 0,
[Arc BG = arc of (D-n) equal arcs]
OP=LB=rsin (ZBOL)=rsin (90-0)=J,_,

4).K =J, ,



To calculate D-rsines from Aryabhatiya (AD 499) Algorithm

When n or (D-n)=2m, an even number
PQ=(r-K, ) =U,, = Utkrama Jya of 2m arcs
5). U,,=r-K,
QB =V(J,,2+ U,_2) = chord of 2m arcs = C,,,
(6). C,,,=V({,,2+U,_2)=chord of 2m arcs

(7). (6) is similar to (1).

Repeat steps from (2) to (6)

w To find D-rsines: -
I. Find 2m-rsines [where 2m =(2D/ 3)] assuming chord AB as a side of
the inscribed hexagon with 3438 units as radius having 2m equal arcs

= C,,, = 3438.

II. Find m-rsines [where m =(D/ 3)] assuming Chord QG as the
hypotenuse of an isosceles right triangle QOG with 3438 as a
chord of D arecs=C, = 34382 = 4862



To find 24-rsines on the basis of an illustrative example.

Draw an inscribed hexagon having the radius
3438 units (one radian measure in minutes).

E AB, aside of the hexagon = radius of the circle = 3438 units.
Angle QOG = Central angle made by arc QBG = 90°.

Arc QBG is divided into 24 (= D) equal arcs.

a,
.."'"u..
g,

Central angle made by chord AB

;G’S [radius of inscribed hexagon)]
& — angle AOB = 60°.
0 0
Central angle made by chord PB = °0'n _90'n
24 D
Y

i.e., by the chord of n equal arcs at centre O.



A general method to find D-rsines based on
an illustrative example for finding 24-rsines .

To find 24-rsines (D-rsines): -

I. Find 16-rsines
[where 2m =(2D/ 3) = 16]
assuming Chord AB as a side of
the inscribed hexagon with 3438
units as radius having 16 equal
arcs =C,,=3438 (=C,,).

II. Find 8-rsines
[where m =(D/ 3) = §]
assuming Chord QG as the
hypotenuse of isosceles right
triangle QOG as a Chord of 24
arcs = C,,= 4862 (= C,,) = 34382]

Next two tables based on the explanation in Aryabhatiya-bhasya of Bhaskara I,
gives a comparison of Aryabhatiya and present-day values of 24-rsines



To calculate 16- rsines

C,, J K, U, J /3438 | 0= Sine 0
K, . [90n /24]
J,=2977 0.8659 60 0.8660

C, =3438 |J=1719 |K=2977 |Uz=461 |0.5000 30 0.5000

C,=1780 |J,=890 |K,=3321 |Us=117 |0.2589 15 0.2588
J,,=3321 0.9660 75 0.9660

C,=898 |J,=449 |K,=3409 |U,=29 0.1306 7.5 0.1305
J,,=3409 | K,=446 |U,,=2992 |0.9916 82.5 0.9914

C,=450 |J,=225 |K,=3431 0.0654 3.75 0.0654
J,,= 3431 0.9980 86.25 0.9979

C,,=4536 |J,=2268 |K,=2584 0.6596 41.25 0.6593
Fr= 2584 —— — ——

K,=890 | U,=2548

C, =4186 |J,=2093 |K,=2727 |U,=711 |0.6088 37.5 0.6088
J,=2727 0.7931 52.5 0.7934

C,=2290 |J.=1105 |K.=3256 0.3214 18.75 0.3214
J,o=3256 0.9470 71.25 0.9469

K,,=2094 |U,=1344

C,=3040 |J,=1520 |K,=3084 0.4421 26.25 0.4423

J-=3084 0.89070— 1 6375 0.8069



To calculate 8 -rsines

C,, J K, U, J /3438 | 0= Sine 0
K, . [90n /24]

C,=4862 |J,=2431 |K,=2431 |U,=1007 |0.7071 45 0.7071

C,=2631 |J=1316 |K=3176 |U~=262 |0.3828 22.5 0.3827

C,=1342 |J,=671 |K,=3372 0.1952 11.25 0.1951
J,,=3372 | Ky= 670 0.9808 78.75 0.9808
J,=3176 |K,=1316 |U,=2122 |0.9238 67.5 0.9239

C,=3820 |J,=1910 |K,=2859 0.5556 33.75 0.5556
J = 2859 0.8316 56.25 0.8315
J,=3438 10000 90 10000

N
s




Reason for considering 24-rsines - Suryadeva yajvan (b. A.D. 1191)
“TII [AATAUT ATGUSH Fdd TYASATY 9 T JeIHTET SATAH|”

‘On dividing a quadrant into 24 equal parts,
the first rsine and the corresponding arc are same’.

Jya of 1 arc = J, =225 = 3438 x sin 3.75° = 3438 x 0.0654 = 224. 86 = 225 (app.),
where [(90x1)/ 24] = 3.75° = 225 minutes.

This is almost equivalent to sin © = 0, when 0 is very small.

Ref.: Aryabhatiya, with the commentary of Suryadeva Yajvan : Edited by K V Sharma, INSA, New Delhi, (1976) p. 47]



Explanation for taking 3438 as the circum-radius
- Suryadeva yajvan (b. A.D. 1191)

Suryadeva yajvan has explained the reason for taking 3438 as
the circum-radius for all scientific calculations.

Afe GagIHA (62,832) ATIRYY 377aga7 (20,000) SATH:
FEY3EF (21,600) forcarcas AaaReeaswmea o1 cam4: sfa

‘If 62,832 is the perimeter of a circle of diameter 20.000 units,
What is the circum-diameter of a circle of perimeter 21,600 units?’

3HgAqaT (20,000) THelT (21600)-ecdl IGTGITHT (62,832)-
T AT ot THeaT:| aad TEaTaTe FEanRTatH (3438)
ASEIH| 3T ATAT AT ITHS oAl cTTER: |

‘When 20.000 multiplied by (the unit equivalent to) central angle
made by the perimeter in minutes (21,600) and the product divided
by the perimeter (62,832) gives the circum-diameter’.

Ref.: Aryabhatiya, with the commentary of Suryadeva Yajvan : Edited by K V Sharma, INSA, New Delhi, (1976) p. 47]



Explanation for taking 3438 as the circum-radius:
by Suryadeva yajvan (b. A.D. 1191)

“When 20.000 multiplied by (the unit equivalent to) central angle
made by the perimeter in minutes (21,600) and the product divided
by the perimeter (62,832) gives the circum-diameter’.

circum-diameter =20,000x 21,600
62,832

= 6876(app.)

Half of 6876 = 3438 units is used for all scientific calculations.

Ref.: Aryabhatiya, with the commentary of Suryadeva Yajvan : Edited by K V Sharma, INSA, New Delhi, (1976) p. 47]



Present-day Radian measure (in minutes) and from Aryabhatiya

The radian is the central angle made by an arc of length
equal to the radius of the circle.

It requires the ratio of perimeter of the circle to its diameter.

The ratio of perimeter of a circle to its diameter is named T,
because in Greek language ‘perimeter’ is ‘mepiuctsp’ and
zis its first alphabet.

One radian =220 3437 746771= 3438 (app.)

T

Aryabhata-I used a circle of radius 3438 units to find D-rsines.

3438 is the measure of ‘one radian’ in minutes approximately.



Perimeter of a Circle of diameter 20,000 units in Aryabhatiya
Aryabhatiya of Aryabhata-I has given
the circumference of a circle of diameter 20,000 units in a sloka;
T OF ATHSSIOT AT [SCETYT HEATONH |
ﬂm JAYROIE: lI2© Il [Refer; 1. (p.71)]

‘Four more than hundred multiplied by eight and increased by
sixty-two thousand is a nearer value (T8 of the perimeter of

a circle of diameter twenty-thousand units’.

[(100 +4) 8 + 62,000] = 62,832
is a nearer value of the Perimeter of a circle of diameter 20,000 units.

The ratio of perimeter 62,832 units to its diameter 20,000 units is
the Aryabhatiya value of m;
62,832

= =3.1416
20,000

T

[Refer: Aryabhatiya, with the commentary of Bhaskara-I and Someswara :
Edited by K S Shukla, INSA, New Delhi, (1976) p.71]



Discussion: - Algorithm to double the number of sides ‘n’

of an Inscribed Regular Polygon

1) AB = a side of n-sided regular polygon =s_

2) p, = Perimeter of the polygon = nAB =ns

3)AC=(1/2)AB=(1/2)s, =]j.

4) OC=V(0A2- ACY) =(r —j )=k,

5)CD=(OD-0C)=(r- k,)=u,

6) AD =V(AC2+CD?) =(j,2 +u,>) =s,,

s,, = side of 2n-sided regular polygon.

Steps 1 to 6 ( except step 2) converts a side of n-sided regular polygon to a
side of 2n-sided regular polygon. Step 2 gives perimeter of inscribed
regular polygon of n sides, p, =ns_

The following table shows the Aaryabhata’s approximation corresponding to the
regular 6 x 2¢'—sided regular polygon, when t = 1;
i.e., of a regular hexagon inscribed in a circle of diameter 20,000 units.



To find circumference of a circle of diameter 20,000 units in Excel Programer

t |n=6*2Nt-1) Sn Pn=n*Sn | Jn=(Sn2) | Kn=sqrt(1000"2-Jn"2) |Un=(1000-Kn) S2n=sqrt(Jn"2+Un"2) = (Pn/20000)
1 6 10000 60000 5000 8660.254038| 1339.745962 5176.380902 3
2 12 5176.380902 62116.57082 2588.19045 9659.258263 1 340.7417371 2610.523844| 3.105828541
3 24 2610.523844| 62652.57227 1305.26192 9914.448614| 85.55138626 1308.062585 3.132628613
4 48 1308.062585 62787.00406 654.031292 9978.589232 21.41076761 654.3816564 3.139350203
5 96 654.38165648 62820.63902 327.190828 9994.645875| 5.354125236 327.2346325 3.141557608
6 192 327.2346325 62829.04945 163.617316 9998.661379| 1.338620904 163.6227921| 3.141452472
7 384 163.6227921 62831.15216 81.811396 9999.665339| 0.334660826 81.81208052 3.141557608
8 768 81.81208052) 62831.67784 40.9060403 9999.916334| 0.083665556 40.90612582 3.141583892
9 1536 40.90612582 62831.80926 20.4530629 9999.979084  0.020916411 20.45307361 3.141590463
10 3072 20.45307361) 62831.84212 10.2265368 9999.994771| 0.005229104 10.226538141 3.141592619
11 6144 10.22653814| 62831.85033 5.11326907 9999.998693| 0.001307276 5.113269237 3.141592517
12 12288 5.113269237 62831.85239 2.55663462 9999.999673| 0.000326819 2.55663464 3.141592619
13 24576 2.55663464) 62831.8529 1.27831732 9999.999918| 8.17048E-05 1.278317322 3.141592645
14 49152 1.278317322 62831.85303 0.63915866 9999.99998| 2.04262E-05 0.639158662| 3.141592651
15 98304 0.639158662 62831.85306 0.31957933 9999.999995| 5.10655E-06 0.319579331| 3.141592654
16 196608 0.319579331 62831.85307 0.15978967 9999.999999| 1.27664E-06 0.159789665 3.141592653
17 393216 0.159789665 62831.85307 0.07989483 10000 3.1916E-07 0.079894833| 3.141592654
18 786432 0.079894833 62831.85307 0.03994742 10000 7.979E-08 0.039947416| 3.141592654
19 1572864 0.039947416 62831.85307 0.01997371 10000 1.9947E-08 0.019973708| 3.141592654
20 3145728 0.019973708 62831.85307 0.00998685 10000 4.98585E-09 0.009986854| 3.141592654
21 6291456 0.009986854 62831.85307 0.00499343 10000 1.24601E-09 0.004993427 3.141592654
22 12582912 0.004993427 62831.85307 0.00249671 10000 3.11047E-10 0.002496714| 3.141592654
23 25165824 0.002496714 62831.85307/ 0.00124836 10000 7.82165E-11 0.001248357| 3.141592654
24 50331648 0.001248357 62831.85307/ 0.00062418 10000 2.00089E-11 0.000624178 3.141592654
25 100663296 0.000624178 62831.85307/ 0.00031209 10000 0 0.000312089| 3.141592654
26 201326592 0.000312089 62831.85307/ 0.00015604 10000 0 0.000156045| 3.141592654

T = 02831.67784 3.141583892 = 3.141¢ (Ganesha) 1 _ 6283185307 _ 3.141592654=3.1416

20000 20000



To find circumference of a circle of diameter 20,000 units in Excel Programer

t [n=624t-1) Sn Pn=n*Sn | Jn=(Sn2) | Kn=sqrt(1000"2-Jn"2) |Un=(1000-Kn) S2n=sqrt(Jn"2+Un"2) | (Pr/20000)
1 6 10000 60000 5000 8660.254038 1339.745962 5176.380902 3
2 12 5176.380002 62116.57082 2588.19045 9659.258263 340.7417371 2610.523844 3.105828541
3 24 2610.523844 62652.57227 1305.26192 9914.448614  85.55138626 1308.062585 3.132628613
4 48 1308.062585 62787.00406 654.031292 9978.589232 21.41076761 654.3816564 3.139350203
5 96 654.3816564 62820.63902 327.190828 9994.645875  5.354125236 327.2346325 3.141557608
6 192 327.2346325 62829.04945 163.617316 9998.661379 1.338620904 163.6227921 3.141452472
7 384 163.6227921 62831.15216  81.811396 9999.665339  0.334660826 81.81208052 3.141557608
8 768 81.81208052 62831.67784 40.9060403 9999.916334 0.083665556 40.90612582 3.141583892
9 1536 40.90612582 62831.80926 20.4530629 9999.979084 0.0 20.45307361 3.141590463
10 3072 20.45307361 62831.84212 10.2265368 9999.994771 C 1022653814 3.141592619
11 6144 10.22653814 62831.85033 5.11326907 9999.99869 . 5.113269237 3.141592517
12 12288 5.113269237 62831.85239 2.55663462 9999.9996 ' 2.55663464  3.141592619
13 24576  2.55663464 62831.8529 1.27831732 9999.999u& = 1.278317322  3.141592645
14 49152 1.278317322 €704 0=Pn0 A eondcons AN AN n AAndorenl 0 444507651
15 08304 0.639158662 ¢ Tally the lengths of different parts in the figure and in the table. 592654
16 196608 0.319579331 62831.85307| 0.15978967 9999.999999 W 0.159789665  3.141592653
17 393216 0.159789665 62831.85307 0.07989483 10000 3.1 0.079894833  3.141592654
18 786432 0.079894833 62831.85307 0.03994742 10000  7.979E-08 0.039947416 3.141592654
19 1572864 0.039947416 62831.85307 0.01997371 10000 1.9947E-08 0.019973708 3.141592654
20 3145728 0.019973708 62831.85307 0.00998685 10000 4.98585E-09 0.009986854 3.141592654
21 6291456 0.009986854 62831.85307 0.00499343 10000 1.24601E-09 0.004993427 3.141592654
22 12582912 0.004993427 62831.85307 0.00249671 10000 3.11047E-10 0.002496714 3.141592654
23 25165824 0.002496714 62831.85307 0.00124836 10000 7.82165E-11 0.001248357 3.141592654
24 50331648 0.001248357 62831.85307 0.00062418 10000 2.00089E-11 0.000624178  3.141592654
25 100663296 0.000624178 62831.85307 0.00031209 10000 0 0.000312089  3.141592654
26 201326592 0.000312089 62831.85307 0.00015604 10000 0 0.000156045 3.141592654
62831.67784 62831.85307

T = = 3.141583892 = 3.141¢ (Ganesha) 7r _
20000 20000

= 3.141592654=3.1416



Value of T (to 1000 digits)

m=3.141592653 58979323846264338327950288419716939937510582097
494459230781640628620899862803482534211706798214808651328230
664709384460955058223172535940812848111745028410270193852110
99596446229489549303819644288109756659334461284756482337867/8
316527120190914564856692346034861045432664821339360726024914
127372458700660631558817488152092096282925409171536436789239
036001133053054882046652138414695194151160943305727036575939
195309218611738193261179310511854807446237996274956735188575
272489122793818301194912983367336244065664308602139494639522
473719070217986094370277053921717629317675238467481846766940
213200056812714526356082778577134275778960917363717872146844
090122495343014654958537105079227968925892354201995611212902
196086403441815981362977477130996051870721134999999837297804
995105973173281609631859502445945534690830264252230825334468
203526193118817101000313783875288698753320838142061717766914
71303598253490428755468731159562863882353787593751957781857178
0532171226806613001927876611195909216420199....

Perimeter of an inscribed regular polygon of sides 62831.85307
20,13,26,592 in a circle of diameter 20000 units =

=3.141592654

= 62831.85307 - by Aryabhatiya Algorithm 20000




Value of TU from Lilavati of Bhaskara —II (born 1114. A.D.)

AT HeToc19e] gl fasTeFd Gemorgd: IRIOEageH: |

Heleel 9T =3927 garorgd: = 1250
H=27;deq: =9;3@eT: =3 | |@=0; d01 =5; FA: = 12

HSHIATH dTAAEI: |
Circumference = 3927>ijéc(l)meter =3.1416 d=7nd (H&H:= minute value)

Minute Value of 1 = 3.1416, suitable for scientific calculations.

carfaefaes fagay el: TYTUAT TAETTERAT: (IR0 |l

. 22 X diamet
Circumference = 2 ;ame o =3.1429 d = nt d (cT3gRIANIA: = suitable for daily use)

General Value of = 3.1429, suitable for daily usage.

Lilavati of Bhakaracarya, A Treatise of Vedic Tradition ; Translated by K S Patwardhan, S A Naimpally, S L Singh,
Motilal Banarsidass Publishers Private Limited, Delhi (2001) p143



Power Series of T of Madhava (c. 1350 - 1410) and
Gottfried Wilhelm Leibnitz (c. 1646 - 1716)

Madhava (c. 1350 - 1410) of Sangamagrama anticipated the power
series of m attributed to Gottfried Wilhelm Leibnitz (1646 - 1716) in the
sloka that gives series to get the circumference (C) of a circle;

ITd IR Agd FUgd STEARRITAEA |

F-erife-faeraasTar s1ed o gue HATd FAI

“Multiply the diameter by four. Subtract from it and add to it
alternately the quotients obtained while dividing four times the
diameter by the odd integers three, five and so on.

(to get the circumference of the circle)”.

Therefore, 71d =4d - 4_d n ﬂ -+ = (C -Madhava Series
3

5

T 1
Dividing by 4d ; ZZI - - * 5 + . . . - Leibnitz Series

W | =
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