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Introduction: - Indian Mathematicians were basically astronomers, and they stated

¢ in which A, B and C are

a set of steps to solve Problems of the type y =

known integers, and x & y are unknown integral values required. Method for solving
such equations is “Kuttaka” or “Vallika Kuttakara”. Problems on Linear
Indeterminate Equations are in several ancient texts on Indian Astronomy.

Aryabhatiya of Aryabhata-I (5th c. AD) gave a general rule for solving linear
indeterminate equation. Bhascara 1 (6thc.AD), Brahmagupta (8thcenturyAD),
Mahaveeracarya (9‘[h century AD) and others explained general methods to solve

equations for integral solutions. .

I. Kuttaka ($&%) from Lilavati of Bhascara-11, a section of Siddhanta-siromani:
+ e
In an indeterminate linear equation of the form y = % , A is dividend (HTSY), B

is divisor (#TTeh) and C is addend (879%) are known integers, and x a multiplier
(3T0Teh) and y a quotient (PeTH / WITs¥) are to be found.
Lilavati states a method to find the least integral values for x the multiplier (3[0Teh)

and y the quotient (STTe¥T) of the equation y = AxtC in five steps.

Step 1: -  HISAT §R: QUHAIAY: HoA[CAGT HHS FghrdH |
7 owl HIeTER! o I &TIRTde;, greafeseAd 11248)|

[Ref. 1 (p.102)]
Purport: - HCF of A and B must divide C for solving the equation. Otherwise the

problem is improper (both x and y cannot be non-zero integers).
Step 2:-  TER HIGIAIARAR: AT TIEIads & |

deaacde faanfarat 3t @t seaeRt segste! Ta: (|249)|
[Ref. 1 (p.103)]



Purport: - Divide A and B mutually and find their HCF (k). Divide A, B and C by the
HCF (k) and get reduced dividend (a); reduced divisor (b); and reduced addend (c),

and get the reduced equation in the form y = mere [Axg C} .

Step 3:-  TAUNNASICAl TEHTSIERT TTag, fHTsd HadT &9 |

BeATTUEEICH! 2T &TuEdd: YeaadlieddsT (12501

[Ref. 1 (p.103)]
Purport: - Divide the Reduced dividend (a) and reduced divisor (b) mutually (as in the

case of finding their HCF) until the remainder 1 is obtained. Place the quotients so
obtained one below the other and below them the reduced addend (c) and then zero.
Mathematically: Mutual division of dividend (@) and divisor (b) is;

a=qib+r; 0r < b,

b=g,a+ry; 0<r,< r;and so on, until the remainder »,= 1 is obtained.
In general: Mutual division of @ and » would be of the form;
re2)=qireny T re 3 0<r<ren, inwhichrey=aandry =|b[fort=1,2,3,...n.
When r,= 1 is obtained, write the quotients g1, g2, g3, . . . ¢n One below the other, and
then the reduced addend (c) and then zero.
Step 4: - TN gdsecdel I deecd Toledlg: TRl TRGIAA (251(a)|

Fedl fAeTedd  Tea dse: ol U TAGER X7 11251(D)|

[Ref. 1 (p.103)]
Purport ||251(a)||: - Multiply the last quotient by the term below the quotient and, to

the product add the last term, and write the sum against the quotient (in the next
column). Reject the last term and repeat the process till a pair of results from the top is

obtained.

[1251(b)||The first term (from the top thus obtained) is to be abraded by the reduced

dividend to get the remainder (as the quotient yo, @) and, 2™ term from the top thus
obtained is to be abraded by the reduced divisor to get the remainder (as the
multiplier xo, J[OTh).

Mathematically; 1251(a)||Multiply the last quotient [gm)] by the term below the

quotient (addend c), and to the product add the term below it (0) to get F, [ie.,; F; =

(gn) ¢ + 0], and write the sum [F,] in the next column against the quotient [gy].



Multiply the quotient [gu-1)] by the addend ¢, and to the product add the term below it
(0) to get F» [ie.,; Fi = (gw-1) ¢ + 0], and write the sum [F,] in the next column against

the quotient [gm.1)].

F @) - G F(n—t) + F(n—t—l);
Inwhich t=123...(m-1),n

q: F(mm)
4! 9 4 8! ih % E,
q, q; q; q; q, F(n—l) F(n—l)
q; g qs E] F(n—2) F(n—2)

9a3) | 90 Gn3) 9as) | Fa E,
T2 | 90 Fa2) E, F,
9o | 9an F, F,

9u F, F,

Mathematically: Procedure stated in the last lines of step 3 could be modified thus;

Modified Vallika process (11251(b)||) : - Write the quotients g1, g2, g3 . . . gn One below

the other and below them the reduced addend (c), and zero.

Multiply the quotient [g,] by the addend (c), and to the product add 0, then write the
sum F; [=[qn ¢ + 0] in the left side of quotient [g,] in the column [Fi1)].

Similarly get F, [i.e.,; F» = g@-1) Fi+ c], and write [F»] in the left side of quotient [g-1)]
in the column [Fn.¢1].

Repeat the process from the bottom until a pair of results [F,] and [F(,.1y] in the top of

the column [F,.1)] is obtained. This process has the name e PehT (creeper-

like process), which could be shown as a recurring relation thus;
Fo-t1)= ¢t Fo-ty T Fn-t1y where Fg =cand F;) =0 for [t=n, (n-1),...,2,1].
This process is to be continued until a pair of results F,) and F,.1) from the top in the

column [F,.+1)] are obtained.



Fauy= @ Fuy + Fauy
fort=123 .. (n-1),n

q; F(n—t+1)

Ul B

9> F(n— 1)
9n3) F,
9n2) F;
Qe F,

n Fy

c

0

Fn-1y 1s to be divided by the reduced dividend (a) to get the remainder [Fn.1y = at +
yol; [yo = Ifera]

F(n-2) 1s to be divided by the reduced divisor (b) to get the remainder [F.2)= bt + xo];
[xo = JT0TeR]

Step 5: - Ud drd TaT HARAT: TIStRIRUCAVHENCH |

Terardl afseEqon faeneat Tadevmessfadt ot & 1252

[Ref. 1 (p.103)]
Purport: - (1) When number of partial quotients n is even, and addend c is positive the

remainders are the least value of y =y, (eTfs¥1) and the least value of x = xo (0Th).

(i1) When number of partial quotients n is odd and c is positive, or when n is

even and c is negative, the above remainders are to be subtracted from the respective

divisors to get their least values of y = (a - yo) (1fs%1), and x = (b - xo) (30T)

TOTH).
Example 1:
ThTFATd Adead Fea[ui 0Teh YN |

T>udtSiderdeadigd YrGATT a[uTeh derssy ) 11252
[Ref. 1 (p.103)]
Purport: - O, mathematician, tell me the number when multiplied by 221 and

increased by 65 is divisible by 195?




Answer: - The problem to solve is y = M

195
According to step 1, HCF of the dividend 221 and the divisor 195 = 1is13, and it
divides the addend 65. Therefore, y =% can be solved for integral solutions

of x and y.
According to step 2, when the dividend 221, divisor 195 and the addend 65 are divided
by the HCF 13, the reduced dividend (17); reduced divisor (15) and reduced addend

17x+5
15

According to step 3, the reduced dividend 17 and reduced divisor 15 are mutually

(5) are obtained. Then the reduced equation is; y =

divided (as in the case of finding their HCF) until the remainder 1 is obtained.

15)17(1L
15
2)15(7
14
1

This Mutual division gives the quotients 1 and 7. They are placed one below the other,
and below them the reduced addend 5 of the equation and zero.

Apply the Modified Vallika process (Step 4) thus;

q, F

1 | 40=F, E o —aF o iF

7 35 = F1 (n-t) - (n-t-1) (n--2)
5 |35=F,

0 | 0=F,

Modified Vallika process gives F; = 35 and F, = 40.

According to Step 5 (i);

F, =40 =17 x 2 + 6, hence the least integral value of y is; yy = 6, and

F; =35=15x2 +5, hence the least integral value of x is; xo = 5.

Number of partial quotients, n = 2 (an even number) and addend c is positive.

Therefore, x = xo =5 and y = yo = 6 are the least integral values of x and y satisfy



17045 221x+65
T 195

b

Its infinite integral solutions for x and y are; x = 15t+ 6 and y = 17t + 5.

Any required values for them could be obtained by substituting a natural number to t.

Conclusion: -

Joseph Louise Lagrange (1736-1813 AD) found the least integral values of x and y
for the problems like Ax + By = C (AD.1770) by dividing A and B mutually to find
their HCF (k). Then got reduced dividend (a); reduced divisor (b); and reduced
addend (c), by dividing A, B and C by the HCF (k) and got the reduced equation in the

form ax + by = ¢. Then Lagrange used the partial quotients of a terminating

. . . a . . .
continued fraction expansion —=[q1,q2,q3, ...,qnfl,qn] in a pair of recurring

relations
qx,, +x.,=x;wherex, =1, x, =0,
QY + Voo = s Where y, =0, y, =1,
Inwhichr=(1,2,3...(n-1), n)
The least integral values of x and y for the problem Ax + By = C are;

X = xn =qnxn-l + xn-2 and y = yn =qnyn-l + yn-2

Bhaskara-11 (born 1114 AD) found the least integral values of x and y for the
Ax+C

problems like y =[ }, by dividing A and B mutually to find their HCF (k).

Then got reduced dividend (a); reduced divisor (b); and reduced addend (c), by
diviing A, B and C by the HCF (k) and got the reduced equation in the form

= axb+c _ [AXE;FC} . Afterwards, a and b are mutually divided using a recurring
operation;

re2) = qi ey T 1t 5 0 <1 <7y, mwhichry=aandry = |b[fort=1,2,3,...n

until 7, = 1 is obtained, the partial quotients qi, g2, g3, . . . ¢n . Bhaskara II used the
partial quotients g1, g2, g3, . . . ¢n thus obtained in a process named Vallika (creeper
like).



The Vallika (creeper like) could be represented by a a single recurring relation

Fa-t+1) = ¢t Fa-y + Faey 1n which Fg =cand Fqy =0 for [t = (n-1), (n-2), ..., 2,
1] successively to get F,and F,.1).

The least integral values of » and x for the problems of the form

y= axb+c = [Ax}; C} are found thus;

The least integral values of y = y, = ofe¥, is found as the remainder while dividing F,

by the reduced dividend (a) in [F, = at + yy].
The least integral value of x = xo = 3Vl is found as the remainder by while

dividing F,.1) by the reduced divisor (b) in [Fn.1y = bt + Xxo].

Joseph Louise Lagrange (born 1736 AD) gives a Method for solving Indeterminate
equations in two unknowns for the least integral values using the partial quotients of
the Continued Fraction Expansion of a rational number in a PAIR of recurring
relations (from top to bottom).

Bhaskara II (born 1114 AD) gives a Method for solving Indeterminate equations in
two unknowns for the least integral values using the partial quotients of the
Continued Fraction Expansion of a rational number in a SINGLE recurring relation
(from bottom to top, creeper like).
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