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3. Mathematics.

Unit | Numbe Lessons
r of
lessons

3.1 3. 1.1 | Numbers in Sanskrit Works; An Overview.
3. 1.2 | Indian Decimal place-value system.

3.2 Numerals in Sanskrit Works;

3.2.1 a) Words as Numerals
3.2.2 b) Alphabets as Numerals and
3.2.3 c) Early Magic Squares.
3.3 | 3.3.1 | a) Aryabhatiya Numerals
3. 3.2 | b) Number of Revolutions of Geo-centric Planets in a
Yuga (43,20,000 years) in Aryabhatiya Numerals,
comparison of sidereal periods of Geo-centric
planets in Aryabhatiya with their present-day
values and Reason for naming the week-days.
3.4 | 3.4.1 | Glimpses of Mathematics of Sulvakaras.
3.5 Glimpses of Mathematics of Aryabhata-1

3.5.1 1) Arithmetic and Mensuration in Aryabhatiya.
3.5.2 2) Circles in Aryabhatiya.
3.6 | 3.6.1 | Glimpses of Mathematics of Mahaveeracarya.
3.6.2
3.7 3.7.1 | Glimpses of Mathematics of Bhascara-II.
3.7.2
3.8 3. 8. 1 | Chandassutra; Zero and Binary number System.
Transmission of Zero, Decimal place-value system and
Indian Trigonometry outside India
3. 8. 2 | Ratio of Circumference of a Circle to its Diameter (),
in Indian Mathematics
3.9 3.9.1 | Biography of Bharati Krishna Tirthaji and Glimpses of
3. 9. 2 | His Contribution to Indian Mathematics
3.10 | 3. 10. 1 | Biography of Srinivasa Ramanujan and Glimpses of
3. 10. 2 | His Contribution to Mathematics
20 Total number of lessons
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Unit 3. 5 : Geometry in Aryabhatiya of Aryabhata-1

Structure: - The Unit: Glimpses of Mathematics of Aryabhata-1 contains an
introduction and two lessons.
Introduction gives information about the date of birth and the place where
Aryabhata-I lived. It also gives a brief note about his famous work
Aryabhatiya
First lesson; 8. 2. 1 Arithmetic and Mensuration has five parts;
3.5. 1 (a): connects ideas of square and squaring of arithmetic operations
with geometry.
3. 5.1 (b): connects ideas of cube and cubing of arithmetic operations with
geometry.
3.5. 1(c): gives a sloka and an explanation of Bhaskara-I about area of a
triangle.
3.5.1(d): gives a sloka on area of a trapezium.
3.5.1(e): gives a sloka on theorem on square of hypotenuse
Second lesson; 3. 5. 2 Circles has four parts.
3.5.2(a): Area ofa Circle.
3. 5. 2 (b): Ratio of circumference of a circle to its diameter.
3. 5.2 (b): Theorem on square of half-chord of a Circle.
3. 5.2 (d): To find arrows of intercepting arcs of intersecting circles.
Introduction: - Aryabhatiya is the composition of Aryabhata-I. Aryabhata-I
lived at Kusumapura or Pataliputra in ancient Magadha, or modern Patna in
Bihar. The year of birth of Aryabhata-1 is known to us with precision
through a verse in Aryabhatiya ;

TSIIeSMT SBYS ey AU |

fdaT fAvfiiegrace 70 ST sdrdr: r
“When sixty times sixty years and three quarter-yugas had elapsed (of the
current yuga), twenty-three years had then passed since my birth.”
This shows that in the kali year 3600 (elapsed), Aryabhata-1 was twenty-
three years of age. Since the kali year 3600 (elapsed), corresponds to A.D.
499, it follows that Aryabhata-I was born in the year A.D. 476. The Gupta
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king Buddhagupta reigned at Pataliputra from A.D. 476 (the year Aryabhata-
I was born) to A.D. 496.

Aryabhatiya deals with both mathematics and astronomy. It contains 121
stanzas in all, and is marked for brevity and conciseness of composition.
The subject matter of the Aryabhatiya is divided into 4 chapters, called
paada (or section).

Gitika paada, the first paada, consists of 13 stanzas and explains basic
definitions, important astronomical parameters and tables. It gives the
definitions of the larger units of time (Kalpa, Manu and yuga), the circular
units (sign, degree and minute) and the linear units (yojana, nru, hasta and
angula). Revolutions of Geo-centric planets in a yuga (43,20,000 Years)
and other astronomical data are given in his own invention Aryabhatiya
Numeral.

Ganita paada, the second paada, consists of 33 stanzas and deals with
mathematics. The topics dealt with are the geometrical figures, their
properties, approximate value of ‘the ratio of the circumference of a circle to
its radius’ (approximate value of 1), mensuration, problems on the shadows
and gnomons, series, interest, simple equations, simultaneous equations,
quadratic equations and linear indeterminate equations. The arithmetical
method for extracting the square root and the cube root and rules meant for
certain specific mathematical problems including the method of constructing
the table of Rsines.

Kaalakriya paada, the third paada, consists of 25 stanzas and deals with
Astronomical concepts after giving out the various units of time, divisions of
the year, various kinds of year, lords of hours and days efc.,

Gola paada, the fourth paada, consists of 50 stanzas and deals with the
motion of Geo-centric planets on the celestial sphere. It gives rules relating
to the various problems of spherical astronomy. It also deals with the
calculation and graphical representation of the eclipses and the visibility of
the planets.

Lesson 3. 5. 1 : Arithmetic and Mensuration
3. 5.1 (a): Square and squaring
Aryabhata-I defines the area of a square figure in geometry and extends the
definition of the term ‘square’ as the product of two equal quantities.

I FHAGY: el o Heysas dat: |
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Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the above sloka
thus;

Tf: IOl Hd: o FraRufT vt | FEEggEaa w39, 9t
T | o WirEeaRdeT Sead Tt wHaqien’ BT | g A A av:
UAQIALAAVY: | T8 %ol o TGyETET Gail: | Waur drar o
gfassdr it Tt |

An equilateral quadrilateral with equal diagonals (a square figure) and area
thereof are called ‘square’. The product of two equal quantities is also
called ‘square’.

Bhaskara-1 gives the terms a'rf:, WUﬂ', ?ﬁi, AT and TR as

synonyms, meaning ‘square or squaring’. Of these U, A and
IIAUT are unusual. The term ITTRTIT

is derived from the fact that in Hindu algebra x* is written as a1d (1) for
A —drEad , ie. xand T fora"'f, i.e. square.

3.5.1 (b): Cube and Cubing
Aryabhata-I defines the volume of a figure ‘cube’ in geometry and extends
the definition of the term ‘cube’ as the product of three equal quantities.

FEYFIE T Ol eynis: | 131

Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the above sloka
thus;

TEYATEA: | TEYHIEANT uAr wafd | ¥ gve AeyrsEaredry sfa uga: |
I EICYNIS: BIGY ST9a I€7 |Isd geynisn:, € Hald | T vrea
TS 9T Yiaureafd | RN qeTvIRE 3 U qHEqIsdl
YT TF UiAaqH | o FHagIe:’ AR SHaqIseuHIdadd, 9T
T A a1 YT |

The continued product of three equals as also the cuboidal solid having
twelve equal edges is called a ‘cube’.
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3.5.1(c): Area of a triangle
Aryabhata-I gives the formula to find the area of a scalene triangle when its
base and altitude are known.;
FrystarRer -
AT ey} Tceal e HaT: |
The product of the perpendicular (dropped from the vertex on the base) and

half the base gives the measure of the area of a triangle.
Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the term

AR,

The term THSHARTET means ‘the perpendicular dropped from the vertex on
the base of a triangle’ i.e,. ‘the altitude of a triangle’. Bhaskara-I criticized
those who interpreted it as ‘the upright that bisects the triangle into two
equal segments’, for, in that case, the above rule will be applicable only to

equilateral and isosceles triangles.
Explanation of Bhaskara-I, in detail, is;

fagt o ae7 ey afed & By | e arg: welfAfd warEr o w
Ao g=for Tw-Raw-fawmrfr | fyseafa
ArseAsrgiRdRae iy | 78 FYS Heviy | hered IR
Ty, HelqAIuIAee: | G STe g et |

THGARI ST, et | 37 Hfud — 97 St IWT: VI TS, FHael
TTET Teh e o THASAHGRIEIT JUaf~ | oO GH-BaA—d=ai
FoArfs:, T Aua=ayel e | e q: Tacehl e aaciashogadedl
TEAAl FAMHIG Heara fHsw | ererar & sgaafx Faf durmfn s
FHLAN B AEHT | Fd: ? Y fohdl Fafaararar Jreffarar sfa
| SISTIT 37Ef ST | 37T YSTTeed YT ag: wrAfafa |
ariT (i qeerr faforsr ta g uftred, e |
ey v safas=T 3T | o Tt wevres: sftunfea: wituae:
3T & eITgest Uroguaraar: [TeTeamdt, 9. 3. &%) 3fd yeves
arorrerel fRaTfaeeand, efFre T wrd | qEysTar erel e |
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TAGAR AT Yo T-Hat: AR dat:, HYser wevii
eIt |

Therefore,
Area of a triangle of the known base and altitude = (1/2) (base) (altitude)

3.5.1(d): Area of a trapezium

Aryabhata-I gives the formula to find the length of perpendiculars drawn
from the point of intersection of its diagonals to its opposite parallel sides
and area of the trapezium when the lengths of its parallel sides and the
distance between them are known.

STTATHON U el d TuTdi o | faea @i meor S g amhet el

(Severally) multiply the base and the face (of the trapezium) by the height,
and divide (each product) by the sum of the base and the face : the results
are the lengths of the perpendiculars on the base and the face (from the
point of intersection of the diagonals). The results obtained by multiplying
half the sum of the base and the face by the height is to be known as the area
(of the trapezium).

a

Let a, b be the base and the face, p the height and ¢, d are the lengths of the
perpendiculars on the base and the face from the point of intersection of the
diagonals. Then

ap bp

C = =
a+b and a+b’
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1
Area of the trapezium = 5 (a +b )p

3.5.1 (e): Theorem on square of hypotenuse
Aryabhata-I gives the formula thus;
TG qSTaT: Hieianel HwoaT: 9@ |
(In a right angled triangle) the square of the base plus the square of the
upright is the square of the hypotenuse.

T AT I, T I, TG HUET: | (@& gof wul qafd) |

This theorem is the so-called ‘Pythagoras theorem’, which was known to
Sulvakaras (800 B.C.). The theorem is to be renamed as Baudhayana
theorem or ‘Theorem of square on the diagonal of a rectangle’.

Lesson 3. 5. 2: Circles
3.5.2 (a): Area of a Circle.
Aryabhata-I gives the formula to find the area of a circle ;
R fawRreEaHa gatherd |
Half of the circumference, multiplied by the semi-diameter certainly gives
the area of a circle.

Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the meaning of
the sloka thus;

gRume: aRfE: | wwerEt uRumey wauRome:, e | fashear s,
e fosmerel, A B foshweiEas, fashreRTimtafT amE |

R faeRreEaHa gatherd |

Areaof a circle circumferace | diameter _ E 2 Cnp
2 2 2 2

Thus, it could be seen that Aryabhata’s formula for area of a circle is
different from the popular formula, in form. He has used the term ‘half the
diameter’ instead of ‘radius’, wherever necessary.
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3. 5. 2 (b): Ratio of circumference of a circle to its diameter.
Aryabhata-I gives an approximate value of the Ratio of circumference of a
circle to its diameter, correct to four decimal places.
The sloka reads thus ;

(e YA SN EET WS |

Y ABA R FIRITHAT JTURUME: 11201

Hundred plus four, multiplied bu eight, and added to sixty-two thousand ;
this is the nearly approximate measure of the circumference of a circle
whose diameter is twenty thousand.
Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the meaning of
the sloka thus;
TJqfeRfEes aqiEey | T aq 2 v | swifenifay o | tage
wafd—3rst vy s vrgaaofifa | Seanfir = gufe: | TagwaHET 23R |
IYAEE o TR IYARATTHIN: | 37T AT (AR ST T8 -
THIT a7 SYAEATAERTY: | T AT ASHTNET | § I Roooo | 3
e | Game oRomewT | 3 vt doeiaardreread |

This gives ;

(100 + 4) 8 + 62,000 = 62,832 = Circumference
7t X diameter = Circumference

n= 282 3 46

20000
n x 20,000 = 62,832
This value does not occur in any earlier work on mathematics, and forms an
important contribution of Aryabhata-I. This value could be obtained by
finding the perimeters of inscribed regular polygons, starting with hexagon
and successively doubling the number of sides of these inscribed polygon.
Aryabhata’s approximate value is obtained by considering the perimeter of
an inscribed regular polygon of 768 sides( which could be obtained using a
scientific calculator). Jaina mathematicians used +10 as an approximation
to the ratio of circumference of a circle to its diameter (n) by considering

T o= 02852 _ 3.1416

20000
the perimeter of an inscribed regular polygon of 12 sides (dodecagon).
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It is noteworthy that Aryabhata-I has called the value for m approximate
(emae:, M)

The present day value of = = 3.141592654... Is it not surprising to note
Aryabhata’s (b. A.D. 476) value of = being approximated to its fourth
decimal place during such a distance past, without any devise to work out
with huge numbers? Or did they have any devise?

3.5.2 (c): Theorem on square of half-chord of a Circle.
Aryabhata-I gives the rule thus;

I YRGS ATET: T el &qur 112911

In a circle (when a chord divides it into two arcs), the product of the arrows
of the two arcs is certainly equal to the square of half the chord.

Bhaskara-1, in his Aryabhatiya Bhasya (629 A.D.) explains the meaning of
the sloka thus;

I &, IRAT Fawl: YREaT:, §: ET watd |
T @] 4N, Taa geEsaEr wafd |

In a circle, a chord CD and a diameter AB intersect at right angles at E.

Arc DBC is called dhanu of chord CD (Jya), and Arc DAC is another dhanu
of chord CD (Jya).
EA is shara of dhanu DBC and EB is shara of dhanu DAC.
Then according to the theorem ;
(Shara EA of dhanu DBC) x (Shara EB of dhanu DAC) = (half of chord
CD)*
i.e., AE x EB = CE’
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This result is proved through the property of similar triangles of triangle
AEC and triangle CEB in Euclidean geometry. Since Indian mathematicians
were practical mathematicians, he did not record the proof for their results.

3.5.2 (d): To find arrows of intercepting arcs of intersecting circles:
Aryabhata-I gives the rule thus;
TET & I T AT G | TETANTeTeEd FRTaynl TEd:
R

(When one circle intersects another circle) multiply the diameters of the two
circles each diminished by the erosion, by the erosion and divide (each
result) by the sum of the two circles after each has been diminished by the
erosion : then the arrows of the arcs (of the two circles) intercepted in each
other are obtained.)

Let two circles intersect at P and Q, and ABCDE be the line passing through
the centers of the two circles. Then BD is the erosion (), and BC and

CD are the arrows of the intercepted arcs. [The arrow (Scsh#dT, Rversine)

of a circle is one of the three basic trigonometric functions;
Rsine (1), Reosine (HIfEwAT) and Rversine (Scha<n). ]

The Rule states that
(AD-BD).BD
BC=
(AD-BD)+(BE-BD)

(BE-BD).BD

D=
and € (AD-BD)+(BE-BD)

Proof: - As per the ‘Theorem on square of half-chord of a Circle’ [8. 2. 2

(©)]
AC x CD =BC x CE = CE?
Therefore, (AD - BD + BC) (BD — BC) = BC (BE — BC) also,
10
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(AD — CD) CD = (BD - CD) (BE — BD + CD)
from, (AD - BD + BC) (BD — BC) = BC (BE — BC)
(AD - BD + BC) BD - BC (AD - BD + BC) = BC (BE - BC)
(AD - BD) BD = - BC. BD + BC (AD — BD + BC) + BC (BE — BC)
BC [(- BD + AD - BD + BC + BE - BC)] = (AD — BD) BD
BC [(AD - BD) + (BE — BD)] = (AD - BD) BD

(AD-BD).BD
(AD-BD)+(BE-BD)

Similarly, from (AD — CD) CD = (BD — CD) (BE — BD + CD) the rule;

(BE-BD).BD
(AD-BD)+(BE-BD

BC=

CD=

) could be proved.

Exercise: -
1. How does Aryabhata connect the terms ‘square and squaring’ and
‘cube and cubing’ between geometry and arithmetic?
2. What is the objection of Bhaskara-I about the interpretation of the

word THSRIET

by the earlier commentators?
State Aryabhata theorem on square of hypotenuse.
State the rule of Aryabhata-1 for finding the area of a circle.
5. What might be the basis for Indian mathematicians to find the ratio of
circumference of a circle to its diameter?
6. How could Jaina mathematicians arrive at the circumference of a
circle of unit diameter and what is its value?
What are the basic trigonometric functions in Indian mathematics?
What are the formulae to find Rversine (Sch®<d)

9. 1in terms of segments formed on combined diameter of two
intersecting circles and the perpendicular to it joining the points of
intersection of the two circles?

W

© N

11
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